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Abstract
We calculate the shear viscosity in the frame of AdS/CFT correspondence for the field theory
with a gravity dual of Einstein-Born-Infeld gravity. We find that the ratio of η/s is still the
conjectured universal value 1/4π at least up to the first order of the Born-Infeld parameter
1/b2.
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1 Introduction
The AdS/CFT correspondence [1, 2, 3, 4] has been a useful way to calculate dynamical quanti-
ties of strongly coupled gauge theories. A famous example is the discovery of the universality of
the ratio of the shear viscosity η to the entropy density s, which is equal to 1/4π in all theories
in the regimes described by gravity duals [5, 6, 7, 8, 9]. This ratio is also conjectured to be
a universal lower bound (the KSS bound) for all materials [6]. All known materials in nature
by now satisfy this bound. In [10, 11, 12, 13], the authors also calculated the shear viscosity
of gauge theories with chemical potentials turned on by studying R-charged black holes. With
the presence of nonzero chemical potentials the ratio of shear viscosity to entropy density is
still 1/4π. Also the stringy corrections to the ratio were calculated in [14, 15, 16, 17, 18, 19]
where the corrections to the value 1/4π are found to be positive and satisfy the lower bound.
More discussions on this KSS bound can be found in [22, 23, 24, 25, 26, 27, 28, 29, 30].
On the other hand, in [20, 21] the authors considered R2 corrections in the gravity side
and found that the modification of the ratio of shear viscosity over entropy density to the
conjectured bound is negative, which means that the lower bound could be violated in that
case. The higher derivative gravity corrections they considered can be seen as generated from
stringy corrections given the vastness of the string landscape. They gave a new lower bound,
4/25π, based on the causal condition. However, the physical implication of this violation of the
bound is still not very clear yet.
This motivates us to consider whether higher derivative corrections to the gauge matter fields
on the gravity side also affect the value of shear viscosity when chemical potentials are turned
on. In [10, 11, 12, 13], the ratio of η/s for the case of nonzero chemical potential was calculated
through Einstein-Maxwell theory on the gravity side. As an example of nonlinear electrody-
namics, we consider Einstein-Born-Infeld theory with a negative cosmological constant. This
theory can be viewed as a nonlinear extension on the gauge fields in Einstein-Maxwell theory.
In this paper we will calculate the shear viscosity of gauge theories with the gravity dual
of Einstein-Born-Infeld theory. The background we need is just the AdS Born-Infeld black
hole solution [32, 33]. Calculate the shear viscosity in this background and we can see if the
higher derivative corrections to the matter fields which are coupled to gravity will also affect
the ratio. And the answer we get is that the ratio is not affected by this higher derivative
correction to the gauge fields at least at the first non-trivial order. This fact along with the
modification of the ratio in higher derivative gravity theories may imply that the ratio may be
mainly determined by the form of the action of gravity in the dual gravity description. Here
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the action should be viewed as the effective action which includes the contribution from stringy
corrections. If we do not consider the stringy corrections, the effective action for gravity is
just the Einstein-Hilbert gravity term. In the case of Einstein-Hilbert gravity, this has been
verified in various cases. However, in Gauss-Bonnet gravity the ratio of η/s has a correction
when gauge fields are coupled to gravity [42].
In this paper, we first present some basic properties of AdS Born-Infeld black holes in Sec. 2.
We calculate the shear viscosity of gauge theories with the gravity dual of Einstein-Born-Infeld
theory to the first order of the Born-Infeld parameter 1/b2 through Kubo-formula in Sec. 3.
Sec. 4 is devoted to conclusions and discussions.
2 AdS Born-Infeld black holes
In this section we give some basic properties of the Born-Infeld black hole solution in the
presence of a negative cosmological constant in five dimensions. The action can be written as
S =
1
16πG
∫
d5x
√−g
(
R− 2Λ + L(F )
)
, (1)
where L(F ) = 4b2(1−
√
1 + FµνF
µν
2b2
). The constant b here is the Born-Infeld parameter and has
the dimension of mass. In the limit of b→∞, L(F ) reduces to the Maxwell form. Thus if we
expand L(F ) in a series of 1/b2, we will find that the 1/b2 corrections to the Maxwell action
just correspond to the higher derivative corrections of the gauge fields.
We can write out the equations of motion explicitly as
Rµν − 1
2
gµνR + Λgµν − 1
2
gµνL(F )− 2FµλF
λ
ν√
1 + F
2
2b2
= 0, (2)
and
▽µ
(
F µν√
1 + F
2
2b2
)
= 0. (3)
Since we want to calculate the shear viscosity of the corresponding field theory living in R1,3, we
need a black hole solution with a Ricci-flat horizon. The AdS Born-Infeld black hole solution
with a Ricci-flat horizon can be written as [33]
ds2 = −V (r)dt2 + 1
V (r)
dr2 + r2(d~x2), (4)
where
V (r) = −m
r2
+ (
b2
3
+
1
l2
)r2 − b
3r
√
b2r6 + 3q2 +
3q2
2r4
2F1[
1
3
,
1
2
,
4
3
,− 3q
2
b2r6
], (5)
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and the only nonzero component of Fµν is
F rt =
√
3bq√
b2r6 + 3q2
. (6)
Here q is an integration constant which is related to the electric charge of the black hole and l
is the AdS radius through Λ = −6/l2. When b2 approaches to infinity, this solution becomes
the AdS Reissner-Nordstro¨m black hole solution.
We can get the position of the outer horizon by solving V (r+) = 0. For future convenience
we define u = r2+/r
2 and rescale ~x to the new coordinate system
ds2 = −V (u)dt2 + r
2
+
4u3V (u)
du2 +
r2+
ul2
d~x2. (7)
Now V (u) becomes
V (u) = −mu
r2+
+ (
b2
3
+
1
l2
)
r2+
u
− b
3r+
√
b2r6+
u2
+ 3q2u+
3q2u2
2r4+
2F1[
1
3
,
1
2
,
4
3
,−3q
2u3
b2r6+
], (8)
and the horizon corresponds to u = 1. Then the mass parameter m can be expressed by r+ as
m =
(
b2
3
+
1
l2
)
r4+ −
br+
3
√
b2r6+ + 3q2 +
3q2
2r2+
2F1[
1
3
,
1
2
,
4
3
,− 3q
2
b2r6+
]. (9)
The thermodynamic properties of this black hole has been discussed in [32, 33, 34, 35, 36, 37].
Here we only give the entropy density of this black hole solution for future use
s =
1
4G
r3+
l3
. (10)
3 Shear viscosity from AdS Born-Infeld black holes
In this section we calculate the shear viscosity of the field theory dual to the black hole back-
ground (4) through the Kubo-formula [22, 38]:
η = lim
ω→0
1
2ωi
(
GAxy,xy(ω, 0)−GRxy,xy(ω, 0)
)
, (11)
where η is the shear viscosity, and the retarded Green’s function is defined by
GRµν,λρ(k) = −i
∫
d4xe−ik·xθ(t)〈[Tµν(x), Tλρ(0)]〉. (12)
The advanced Green’s function can be related to the retarded Green’s function byGAµν,λρ(k) =
GRµν,λρ(k)
∗. We compute the retarded Green’s function by making a small perturbation of
3
graviton. Here we choose spatial coordinates so that the momentum of the perturbation points
along the z-axis. Then the perturbations can be written as hµν = hµν(t, z, r). In this basis there
are three groups of gravity perturbations, each of which is decoupled from others: the scalar,
vector and tensor perturbations [31]. Here we use the simplest one, the tensor perturbation hxy.
We use φ to denote this perturbation φ = hxy and write φ in a basis as φ(t, u, z) = φ(u)e
−iωt+ipz.
We can get the equation of motion of this φ(u) by perturbing both sides of the equation of
motion (2) to the first order of φ(u)
φ′′(u) + Aφ′(u) +Bφ(u) = 0. (13)
Here to avoid complication we only calculate the shear viscosity up to the first order in the
parameter 1/b2, and in this approximation we have
A = A0 + A1, (14)
where A0 denotes the part of the coefficient A in the limit b
2 →∞,
A0 =
l2q2(1− 2u)u2 + r6+(1 + u2)
u(u− 1)(r6+(1 + u)− l2q2u2)
, (15)
while A1 denotes the part of the first order correction of 1/b
2:
A1 =
3l2q4u(2r6+(1 + u)
2(1 + 2u2)− l2q2u3(1 + 2u+ 3u2))
16b2r6+(l2q2u2 − r6+(1 + u))2
. (16)
Also B can be written as the sum of two parts,
B = B0 +B1
=
r6+(p¯
2(u− 1)(r6+(1 + u)− l2q2u2) + r6+w¯2)
u(u− 1)2(r6+(1 + u)− l2q2u2)2
+
3l2q4u(1 + u+ u2 + u3)(p¯2(u− 1)(−r6+(1 + u) + l2q2u2)− 2r6+w¯2)
16b2(u− 1)2(r6+(1 + u)− l2q2u2)3
. (17)
Here w¯ = l2ω/2r+ and p¯ = l
2p/2r+. A1 and B1 manifest the contribution of the higher
derivative corrections to the gauge field on the gravity side. To solve for φ(u), we write
φ(u) = (1− u)−iβw¯F (u) (18)
to decide the boundary condition near the horizon, where β is a constant to be fixed. Substi-
tuting (18) into (13) and solving it near the horizon u = 1, we get
β = β0 + β1 =
r6+
2r6+ − l2q2
− 3l
2q4
4b2(2r6+ − l2q2)2
, (19)
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by pure incoming wave boundary condition near u = 1. Here β1 is the contribution of the
higher derivative correction. Next we move on to solve φ(u) in the whole spacetime. Because
we know from (11) that we only need the low frequency behavior of φ(u) to calculate the shear
viscosity, we can expand F (u) in a power series of w¯ and p¯
F (u) = 1 + iβ0w¯F0(u) + iβ1w¯F1(u) +O(w¯
2) +O(p¯2). (20)
In this expansion, F1 represents the contribution from the higher derivative correction of the
gauge field. The equations of motion of F0(u) and F1(u) can be derived at the first order of w¯
separately,
F ′′0 (u) + A0F
′
0(u) +
1
(1− u)2 +
A0
1− u = 0, (21)
and
F ′′1 (u) + A0F
′
1(u) +
β0
β1
A1F
′
0(u) +
β0A1
β1(1− u) +
1
(1− u)2 +
A0
1− u = 0. (22)
The solutions of these two linear differential equations can be uniquely decided with the bound-
ary condition F0(u)|u=0 = F1(u)|u=0 = 0 and the constraint that both F0(u) and F1(u) should
be regular at the horizon u = 1. The solutions are
F0(u) =
1
2
(ln
r6+(1 + u)− l2q2u2
r6+
− 3r
3
+√
4l2q2 + r6+
ln
u
√
4l2q2 + r6+ + r
3
+(2 + u)
−u
√
4l2q2 + r6+ + r
3
+(2 + u)
), (23)
and
F1(u) = C0(u) + C1 ln
(r3+
√
4l2q2 + r6+ + r
6
+ − 2l2q2u)(
√
4l2q2 + r6+ − r3+)
(r3+
√
4l2q2 + r6+ − r6+ + 2l2q2u)(
√
4l2q2 + r6+ + r
3
+)
+ C2 ln
r6+(1 + u)− l2q2u2
r6+
, (24)
where C0(u) is a function of u,
C0(u) = − (l
2q2 − 2r6+)u
8l6q6(4l2q2 + r6+)(l2q2u2 − r6+(1 + u))
×
(
12r24+ (1 + u)− 6l2q2r18+ (−9 − 10u+ u2) + 4l8q8u(1 + 4u+ u2) +
l4q4r12+ (30 + 51u− 29u2 − 2u3)− l6q6r6+(6 + 2u+ 16u2 + 7u3)
)
, (25)
C1 and C2 are two constants,
C1 =
3(10l10q10r3+ + 25l
8q8r9+ + 12l
6q6r15+ − 45l4q4r21+ − 28l2q2r27+ − 4r33+ )
8l8q8(4l2q2 + r6+)3/2
(26)
C2 =
l8q8 + 6l6q6r6+ + 9l
4q4r12+ − 12l2q2r18+ − 12r24+
8l8q8
. (27)
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Now we want to get the on-shell action for the perturbation. The on-shell action for φ(u) is a
sum of two parts: one is from the bulk action Sbulk and the other from the Gibbons-Hawking
boundary term SGH . We first expand
φ(x, u) =
∫
d4k
(2π)4
eikxf(k)φk(u). (28)
The bulk action for this perturbation then is
Sbulk =
1
16πG
∫
d4k
(2π)4
f(k)f(−k)
∫
0
1
du(K1φ
′′
kφ−k +K2φ
′
kφ
′
−k +K3φ
′
kφ−k +K4φkφ−k) (29)
where K1 = 2
√−gguu and K2 = 32
√−gguu. The K3 and K4 terms are not relevant to our aim,
so we do not explicitly write them here. The Gibbons-Hawking boundary term is
SGH =
1
8π
∫
∂M
d4x
√−hK. (30)
Substituting the solution of φ(u) into (30) and we reach
SGH =
1
16π
∫
d4k
(2π)4
f(k)f(−k)(K5φkφ−k +K6φ′kφ−k), (31)
where K6 = −2√−gguu and K5 only contributes to the Green’s function a real part thus not
relevant to the following calculations.
By applying the equation of motion (13), the bulk action becomes two surface terms
Sbulk =
1
16πG
∫
d4k
(2π)4
f(k)f(−k)
( ∫
0
1
du[E.O.M ]φ−k + (
K3 −K ′1
2
φkφ−k +K2φ
′
kφ−k)|01
)
. (32)
The Gibbons-Hawking term is itself a boundary contribution, so the total action can be written
as
S =
∫ d4k
(2π)4
f(k)f(−k)F (k, u)|10, (33)
where F (k, u) can be expressed by the constants Ki. The retarded Green’s function can be
calculated in the way
GRxy,xy(k) = −2F (k, u = 0). (34)
We substitute the solution into (33) and can obtain
F (k, u = 0) =
1
32πG
√−gguuφ′kφ∗k|u=0 =
1
16πG
iw¯
r4+
l5
=
1
16πG
iω
r3+
2l3
. (35)
Substituting this into (34) and (11), we have
η = lim
ω→0
F − F ∗
wi
=
1
16πG
r3+
l3
. (36)
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Comparing this with s = 1
4G
r3
+
l3
, we finally reach η/s = 1/4π.
Here we only performed the calculation to the first order of the parameter 1/b2. That
is to say, we considered the effect on the ratio of η/s of the electromagnetic field corrected
term (FµνF
µν)2. Here we further show that at this order the term, FµνF
νρFρσF
σµ, has also no
contribution to the shear viscosity. In this case, the action we are considering can be written
as
S =
1
16πG
∫
d5x
√−g
(
R− 2Λ + I(F )
)
, (37)
where
I(F ) = −FµνF µν + (FµνF
µν)2
8b2
+ cFµνF
νρFρσF
σµ. (38)
Here b and c can be arbitrary constants which represent the effects of the higher derivative
corrections of the gauge fields. The term proportional to 1/b2 is the one appearing as the first
order correction of the Born-Infeld action. As the case of the AdS Born-Infeld black holes, we
consider a Ricci flat black hole solution with electric charge in the action (37). In this case,
the only nonvanishing component of electromagnetic field is Ftr. The term (FµνF
µν)2 is then
just twice of FµνF
νρFρσF
σµ. Thus the results concerning the corrected term only depend on
the combination of the two coefficients by 1/4b2 + c [40]. That is, at this order, we can obtain
the black hole metric and electric field for the action (37) by replacing the coefficient 1/b2
in the Born-Infeld black hole metric and electric field with the coefficient 1/b2 + 4c. In the
above, we have already shown that the coefficient 1/b2 does not explicitly appear in the shear
viscosity. We then conclude that the term FµνF
νρFρσF
σµ also will not change the ratio of the
shear viscosity to the entropy density.
4 Conclusions and Discussions
In this paper we calculated the ratio of shear viscosity to entropy density in the background of
AdS Born-Infeld black holes through AdS/CFT correspondence to the first order of the Born-
Infeld parameter 1/b2. Motivated by [20] we find that though the higher derivative corrections
to the gravity term make the universal bound be modified, the higher derivative corrections to
the gauge fields have no change on the value of the η/s ratio at least at the first non-trivial
order.
This result may give us some hint on in what sense the lower bound is universal. We
learn that when no gravity corrections are considered, the ratio of η/s is the same for various
gravity backgrounds [7] and for gauge theories with nonzero chemical potentials. When gravity
corrections are added, the ratio changes and even the lower bound could be violated, but higher
7
derivative corrections to the gauge fields on the gravity side do not change the value of η/s. The
difference between these two corrections is that with the gravity correction the effective action
of gravity part is changed while in the latter case the effective action of gravity part is still the
Einstein-Hilbert form though matter fields are coupled to gravity in various ways. This may
imply that the universality of the ratio 1/4π is just the universality among gauge field theories
which have Einstein-Hilbert gravity as their gravity duals which can couple to arbitrary matter
fields through various proper ways. In other cases the ratio should be mainly determined by
the effective gravity part of the dual gravity description [41]. The result of [17, 39] might be
viewed as evidence to support this idea, where the author found some evidence of universality
of shear viscosity at finite t’Hooft coupling. In a recent paper [42], it has been observed that in
the case of Gauss-Bonnet gravity, the existence of chemical potentials changes the ratio, too.
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